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Abstract

We study a class of one-dimensional probabilistic cellular automata, in which each
component can be in either state zero or one. The component interacts with two neighbors,
if its neighbors are in an equal state, then the component assumes the same state as its
neighbors. If its neighbors are in different states, the following can happen: a one on the
right side of a zero, in which case the component becomes one with probability « or zero
with probability 1 — «; conversely, a zero on the right side of an one in which case, the
component becomes one with probability 3 or zero with probability 1 — 5. For a set of
initial distributions when both neighbors are placed on the right- side (respectively both on
the left- side) of a component, we prove that the process always converges weakly to the
measure concentrated on the configuration where all the components are zeros. When one
neighbor is placed on the left side and the other on the right side, the same convergence
happens when 5 < fn(a), where N is the distance between the neighbors. However,
this convergence does not happen for 5 > 1/2a. Thus, in this case, we get the regimes
of ergodicity and non-ergodicity. Moreover, we exhibit another type of phase transition,
independent of neighbors’ locations. We also, present some numerical studies, in which we
use mean field approximation and Monte Carlo simulation.
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1 Statements

A class of one-dimensional probabilistic cellular automata, PCA by simplicity, is considered.
Cases in which a random process with local interaction exhibits some form of non-ergodicity
remain non-trivial and , as a result, continue to attract attention. As a result, ergodicity [8] and
the invariant measure [1] are of particular interest. Some research has been conducted on time
required to reach the equilibrium,i.e., the invariant probability measure, for PCA in finite or
infinite space [4, 6} [7, [10]. Generally, the studies about PCA consider its interaction with the
nearest neighbors. However, this assumption is not the only possible one. Here we present
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another approach. In part, that assumption is motivated by recent models in more recently
formulated theories in sciences like biology, economy and social science [2, 3, S]], establishing
the need for a non-nearest interaction among its components.

The study of PCA is linked with several research areas: statistical physics and theoretical
computer science, each with a different viewpoint [13]. This study presents various algorith-
mically unsolvable problems[14]; among them, we give attention to the undecidability of the
problem of ergodicity, i. e., there exists no algorithm, when taking in input the parameters
of a PCA if it is ergodic or not. When we face an undecidable problem, we work closely to
the boundaries of natural possibility. This encourages us to treat the partial results we have
obtained with more respect. A PCA is ergodic if its action on probability measures has a unique
invariant measure and for any initial distribution the process converges weakly for it. From the
initial studies of the Ising model, it became a tradition among physicists to discern a qualitative
difference between one-dimensional and multi-dimensional processes for all models with local
interaction. This is stated in the shape of the “positive rates conjecture”, which was refuted by
Peter Gécs [15]. However, it remains nontrivial when a random process with one-dimensional
local interaction shows some form of non-ergodicity, and for this reason, it attracts attention [[16]].

We studied a PCA that is not restricted to the nearest-neighbor interaction, in which each
component can have two states (0 (zero) or 1 (one)), and they interact with two neighbors (not
necessarily the closest ones). Informally, when its neighbors are in the same state (both zero or
one ), the component assumes the neighbour’s state. If its neighbors are in the states 0 (zero) and
1 (one), the component will either become 1 (one) with probability « or O (zero) with probability
1 — a. Now, its neighbors assume 1 (one) and 0 (zero), respectively, and the component becomes
1 (one) with probability 5 or 0 with probability 1 — .

Given a set of possible initial measures for the process, we showed that the process converges
to the measure concentrated on the configuration where all the components are zero: (i) when
both of its neighbors are located on the left- side(respectively in its right- side) and (ii) when [ is
less than equal to a function of o and N. Also, there are two regions on the parameter space of
the process: one where the mean time of convergence is always infinite, and the other where it is
finite. Finally, we used mean-field approximation to study the process.

The random operators of interest are defined on the configuration space Q = {0, 1}Z, where
Z. is the set of integer numbers, and 0 and 1 are called one and zero, respectively. Each x € (),
called configuration, is a bi-infinite sequence of zeros and ones. A configuration z € ) is
determined by its components z; for each i € Z and x; € {0, 1}. The configuration x, whose
components are zeros or ones, is called all zeros and all ones. Two configurations = and y are
close to each other if the set {i € Z : z; # y;} is finite. A configuration is called the island of
ones if it is close to all zeros, and we denote the set of islands of ones by A. If z € A and z is
not all zeros, then there are positions ¢ < j suchthatz;.; =2,y = landz;, = 0if £ < or
j < k. For this case, we define the length of the island z by j — ¢ — 1, and we denote this by
length(z).

The normalized measures concentrated in the configurations all zeros and all ones are denoted
by dy and 4y, respectively. Also, given a configuration x, we denote the normalized measure
concentrated in x by ¢,. We define a cylinder in (2 in the usual way and we denote any thin
cylinder set

{r €Q:x;=ay forallie I},

where (a;);e; € {0, 1} and I is finite subset of Z. By simplicity, we denote thin cylinder by
{x; = a;,1 € I'}. We denote by M the set of normalized measures on the o-algebra generated
by cylinders in (2. By convergence in M we mean convergence on all cylinders. We say that
p € M is uniform if it is invariant under space shifts, i.e., u(z; = a) = pu(x;1; = a) for any
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j € 7Z. We denote by A the set of normalized measures in A. A measure belonging to A is called
an archipelago of ones. As A is countable any i € A is a convex combination of J, —measures
where x € A. So, A C M.

Given an operator P, P : M — M, and an initial measure u € M, the sequence u, uP,
©P?, ... define the random process. We say that a probability measure . is invariant under P if
uP = p. For each i € Z, we call V (i) C Z the set of neighbors of . We define the translation
operator T, : {2 — (2 as follows

(T,)k = xg—p, forall k € Z,

which induces translation at measures. Throughout the text, we use the same notation, T, to
indicate translation in both cases: measures and configurations.

We will consider a class of probabilistic cellular automata in Z, where foreach k € Z, V' (k) =
{k+p,k+ q}. Tt is well-known[9, [12], [11] that the operator P is determined by the transition
probabilities 0(by|ay k) € [0, 1], such that

Q(bklakﬂ,akﬂ) - [0, 1] : Z G(bklakﬂ,amq) =1.
br€{0,1}

Let x,y € €. A general operator P with V (k) = {k + p, k + ¢} is defined
pPlyi =biel)= > plw;=a;,i€ V() []0(bi|airpaisq), (D

aj,j € V() iel

where V(I) = | V/(4). For fixed values of p and ¢ we denote F, ;) the operator whose transition
i€l
probabilities are

Aprp F Gryp = Qrigs
O(Narriar,) = | if ap =0and gy, = 1; (2)
5 if Apy] = 1 and Ay = 0.

Where [ = min{p, ¢}, r = max{p, ¢} and «, ( belongs to [0, 1]. We do not consider N = 0,
1.e., p = @, once it is a simple case. For technical reasons: If p and ¢ are non-positive, then we
assume that ¢ < p; and if p or ¢ is positive, then p < ¢q. F, . denotes by F when p = 0 and
q = 1. Figure[I]depicts how the interaction occurs.

Xk+p Xk+p+1  --- coo Xktg—1 Xk+gq

Figure 1: The non-nearest interaction of the process considering p < q.

From now onwards throughout the text the measures p will denote ;1 € A. At the text (1)
means the density of ones at . Thus, p(1) = 0 for p = dp and p(1) > 0 for p # §y. The
measures ¢ and d; are invariant under F, ;). Given p, ¢ and 1+ we define the random variable

7P = inf{t > 0: uF{, (1) = 0}. 3)
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The infimum of the empty set is co. When p = 0 and ¢ = 1, we denote TlSp’q) by 7,. The
random variable in Tf}”q) indicates the time to attain ¢, having F, ;) started to measure p. Given

1 there are islands of ones x* for i € N such that y = Z k;d,: where ky > 0,ky > 0,... and
ki + ko + ... = 1. We denote the expected value by E .ZGN

Now we describe some trivial cases, in which we verify immediately: o € {0,1} or
pe{0,1}. fa=pF=0,a=0and f € (0,1) ora € (0,1) and 5 = 0, then the process
converge to the measure dy. If « = =1, a = 1land § € [0,1) ora € [0,1) and 5 = 1,
resulting in the density of ones at each time step is always positive. Therefore, these extreme
cases will not be considered.

Let us denote N
1—(1-
fa(e) = (1 —a)¥ — v+ T2

where N is the euclidian distance: precise |p — ¢.

Theorem 1. Given € A, 0 < a < land 0 < § < 1. If p,q are non-negative values
(respectively non-positive values), then

. t
fm 1F,q) = do.

Theorem 2. Given u€ A, 0<a<landfp < fy(a). Ifp <0 < q, then

lim ,uF(t 2 = %o

t—00 p

Theorem 3. Givenu € A, 0<a<landf >1/2a. Ifp <0< q, then
. t
Hm 11FG,q) 7 Oo.

Theorem [I] shows the ergodicity of the process when the neighbors are on the same side
(left or right). In contrast, theorems [2] and [3| represent a phase transition between ergodicity and
non-ergodicity. Hence, the locality of the interaction can drastically change the dynamic of the
process.

Theorem 4. Given p € A, «,5 € (0,1).
(Al If B> fi(a), then E(7{P9) = oo;
(B ) If B < fn(), then E(T,SW) < 00.

In order to prove the item ( B, we need to use a significant quantity of technical tools; we
chose to put only its prove in section 4.
Theorem [4] gives us a kind of phase transition, independent of the locality of neighbors.

2 Order

Let us consider 0 < 1. We shall introduce a partial order on {0, 1}Z. Given two configurations
x and y, we say that x precedes v, or what is the same, y succeeds x respectively when x < y or
y »— x forall i € Z.

We consider that a measurable set S C {0, 1}Z is up-set if

Ve,y € Q,(x € Sandx <y) — y € S.



Notably, in every up-set S, the configuration all ones belong to S. So, the set S = {1}Z is
up-set. Also, the set S = 07 is up-set.

We introduced a partial order on M such that ;. precedes v as we denote ;1 < v (respectively,
v succeeds p we denote v = p), if u(S) < v(S) for any up-set S (or p(S) > v(.S) for all lower
S, complementary set of a up-set).

We call an operator P : M — M monotone if ;1 < v implies uP < vP. Lemmal[l] can be
found in [[11} 12} 4]].

Lemma 1. For all configurations x and vy, an operator P on {0, 1}2 with transition of probabili-
ties 0(-|-) is monotone if and only if

v =<y = 0(1|xpXitq) < 9(]’)’k+p)’k+q) “4)
Lemma 2. Given p and q, the operator F, 4 is monotone.

Proof. Using Lemma and the definition of F, ;) in (2)).

3 Proof of Theorems 1} 2, and 4 items (A [4)

We consider that a configuration = is a jump configuration if there is a position ¢ for
which z; = 1 for all 7 <7 and z; = 0 for all j > ¢ by simplicity, we say the configuration is
(10, 7)-jump and J};, denotes jump and its concentrated measure. Analogously, we say that a
configuration z is (01, 7)-jump if there is position ¢ such that z; = O forall j < iand z; = 1
for all j > i. We denote the measure concentrated in (01, 7)-jump by Jg;. Figure illustrates
(10, —1)-jump and (01, —1)-jump.

1 1 0 0 0 0 0 - (10,—1)-jump
o 0o 1 0 1 1 0 - x
o o 1 1 1 1 1 - (01,=1)-jump

*—0 00 0 0 o
X_3 X_2 X_1 Xp X X2 X3

Figure 2: We illustrate a (10, —1)-jump, a (01, —1)-jump, and a configuration x, which succeeds
(01, —1)-jump.

The pseudo-code, algorithm 1, shows the coupling between two stochastic processes gener-
ated by the operators F and F, ;y, with p, ¢ non-negative (analogously non-positive) and having
the same initial condition. The variables z(j,¢) and y(j,¢) are components of two marginal
densities at both position j and time ¢, this type of coupling is extensively used in [9].



Algorithm 1: COUPLING BETWEEN THE PROCESSES GENERATED BY F AND F,
WITHqg—p >0
1 Docont <~ O0andqg—p >0
2 fixed: € Z
3 for each j € Z do
1 i<
TR S
0 ifj>1
y(J;0) = (5, 0)
end
for t € Ndo
for j € Z do
| U ~Uoy
10 end
1 for j € Z do

e o N N W

x(j,t—1) ifj#i
12 z(j,t) < <0 if j =iand U > f8
x(j,t—1) ifj=iandUj <3

y(G+pt=1) ify(i+pt—1) =y(+qt—1)
1 ify(j+p,t—1)<y(j+qt—1)andU; <a
13 y(j,t) < <0 ify(j+p,t—1)<y(j+qt—1)andUj > a
1 ify(j+p,t—1)>y(j+qt—1)andUj < f3
0 ify(j+p,t—1)>y(j+qt—1)andUj >
14 end
15 if x(i,t) = y(i,t) = 0 then cont < cont +1landi —i—1
16 end

Lemma 3. Fori € 7Z and p, q non-negative,

TioF (g (1) < TioF'(1).

Proof. In the pseudo-code, lines 4 — 5, we describe the initial condition 7, 1io- Lines 12 — 13
describe the action of the operators F and F, ,, respectively. Clearly, we see that P(y(j,t) <
x(j,t)) = 1foreacht € N.

Lemma 4. If § € (0,1), then
lim 75,F(1) = 0.

Proof. At the pseudo-code, line 15, cont is the random variable where your value at the ¢-th
step is given by 3f _, L,lc_fB , where Li_ﬁ , Lé_’g , ... 1s a sequence of independent and identically
distributed random variables, whose P(L1 ™ = 1) =1 — gand P(L; " = 0) = . So, using
the strong law of Kolmogorov 3t _, L,IJB /t converges almost surely to 1 — 5 when ¢ tends to
infinity.



Proof of Theorem 1. First, we shall prove the theorem for ) —measures. We consider
g —p > 0. The case ¢ — p < 0 is analogous. From Lemma 3|

TioF (g (1) < TioF'(1).
From Lemma] for a given i € Z,
Jim TF1) =0 = i ThFly (1) =0
Note that given d,, there is ¢ € Z such that 6, < Jj,. So, by monotonicity of operator F, ),

tll)r& 5‘ZFEP7‘])<1) — O

Now, we prove for any archipelago .. The measure 1 can be written as a convex combination of
0z1,042,..., where 1, 22, . .. belongs to A. As proved previously, for a fixed : € N

. t
tll)I?o 6xz F(p,q) = 60.

The F(,q) is linear, so uF, ) is a convex combination of 6,1F, ), 6,2F(,.q), - ... Thus, we
get that tllglo ,uF’EM) = dp.
[ |
Note that

09, if p and ¢ are both non-positive;

. t o
tliglo ‘701F(p,q) - {(51’

It shows that neighbors’ position on the interaction effects on system behavior.

Proof of Theorem 2] It is a direct consequence of item (B M) of Theorem {4]

If length(z) = 1, then §,F(, (1) is the distribution of X;, where (X;);cy is a birth and
death process whose Xy = 1.

More specifically,

if p and ¢ are both positive.

P(X;=a+1|X;—1 =a) = 6(1|01)8(1]10);
P(X;=a—1|X;-1=a) = 6(0/01)6(0]10); ®))
P(X; =alX;—1 =a) = 6(1|01)0(0[10) + 6(0|01)8(1|10).
Where a € N.

We denote by h;, the absorption probability of the process X hits the state zero considering
that we started at state 7 and the hitting time of state zero given that we started at state 7 by

Hz:mf{tZOthoandXO:z}

At our case, if § < fi(«), then h; = 1 and if 5 > fi(«), then h; < 1. Thus E(H;) = oo, for all
1>1

Lemma 5. Given x € A such that v = z. If § > fi(«), then E(7(P9) = oo,



Proof. Let us consider the birth and death process, (X;);eny Where Xy = 1 and X, has distribution
0z Ffpyq) considering length(z) = 1. So,

E (r9) = E(H).

Using the previous observations we get [E (TQEW)) = 00.

|
For any p = Z kioi, we define p as follows: 1 = 3772, kid,i. Thus, p € Aand p < p.
i=1
Proof of item (AH]) of Theorem |4 Since F, ) is monotone, we only need to prove that
E (TISM)) = 00.
Using the definition of Tlsp’q), we get

TP = inf{t > 0: 3, F(, (1) = 0,2F(, (1) = ... = 0} = inf{t > 0: 6,F(, (1) = 0} = 707,

(g

Using Lemmawe have, E (Tg’q)) = E(H{X) = co. Thus, E (rlgp’@) = o0.

4 Proof of item (B [4]) of Theorem |4

Now, let us consider two sequences of independent random variables, (L;)en and (R;);en,
where forall t € N,

e The random variable L; has the following distribution P(L; = 0) = (1 — «)" and
P(Ly=Fk)=a(l—a)N* Vke {-N,...,—1};

* R, has the following distribution P(R; = 0) = fand P(R; = —1) =1 — 3.

The process W is a Markov chain on Z, with the following transition diagram (see Figure

B

SIGIDNOXC RO

Figure 3: Transition of process W .

The W& = (W});cn is given by

t
W =Wg' + > (R — Ly)

k=1

where (R; — Ly);en is a sequence of independent and identically distributed random variables.
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Foreach: € Z
P(W, =i+ N[W}Y, =)
P(WtN =i 1‘WtJX1 =)
P(WtN = i|WtJX1 = Z)

P(R, = 0)P(~L, = N)
P(R, = —1)P(~L, = 0)
P(R, = 0)P(~L, = 0) + P(R, = —1)P(—L, = 1).

When k € {1,...,N — 1}
PWYN =i+ kWY, =i) =P(R, = 0)P(—Ly = k) + P(R, = —1)P(—L; = k + 1).

Thus, its transition probabilities from state 7 to state 7, p;; is given by

Ba(l —a)VF 4+ (1 —B)a(l —a)N=*+) for je{i+1,i+2,....,i+N —1}
and k = j —1;
B -a)N + (1= Bl —a)N ! for j=1
Pl a =g - o), for j=i—1;
Ba, for j =14 N;
0, at all the other cases.
(6)
We get,
1—(1—-a)¥
E(R) = §—1and B(L) = =0 =" 1 Nia—a)W
o
Moreover, through the law of large numbers
W} — —oo with probability 1 when 3 < fy(a). @)

Given the processes W, we denote for i > 0

HYY = inf{t > 0: W) = 0and WY =i}.

)

From (7), we get that E(HV") is finite when 3 < fx(a).

4.1 The operator Ey

Let us define the extension operator, Ey : A — A, which act in the following way.

First, we will define its action on §-measures, d,, whose € A and length(z) > 1. Clearly,
there are positions iy < jo such that z;, = z;, = 1 and x;, = 0 for & < ¢y or k > jj.

After applying Ey, each one among the components; z;,—n, Tig—N+1s - - -, Tig—15 Will be
independent from each other: become 1 (one) with probability « or stay 0 (zero) with probability
1 — a. On the other side, the component z;,_; and x;, becomes 1 (one) and 0 (zero), respectively
with probability (1 — 3) or x;,_; and z;, staying the same with probability 5. Thus, we will get
positions i; < j;. Continuing with this argumentation, after applying E 5 during ¢ consecutive
times, E', we will get positions 7, and j,. The measures &, when length(z) € {0,1} are
invariant distributions to E .

The Ey is a linear operator. Therefore, for u € A we get > k;i(6,:Ex) = pEy.
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For z € A where length(x) = W{¥ + 1, the length of the island on time ¢, §,E';, decreases
by one is given by the Markov chain W/'. Therefore, if W is negative with probability one
when ¢ goes to infinity, §,E% — d, when ¢ — oco. In addition, the length of islands at 0, EY is
bigger than the length of islands at J,, Fl(tO, - This relation among WY, Ey and F(o y) will be
usefull to prove the (B.4).

Lemma 6. Given x € A and 9, its concentrated measure
0oENn(1) > 05Fo,n)(1).

Proof. Direct from E  definition.

[ |
Lemma 7. Given p, if
tli)rglo pExN = 0y, then tllglo uF(t()’N) = do.
Prova. Using the Lemma|6]
PEN(L) = 30 ki(0sEN) (1) 2 37 ki0::F(o n) (1) = 1w (1)-
TtEA rEA
|

Now, let us describe a relation between E and W¥. The action of E 5 on the left-side of i
to obtain a new position ¢; is described by random variable L, once

]P)(ll = Z()) = ]PJ(ZEZ'O_N = ... =Tjy-1 = 0 and Tiy = ].) = (]. — Oé)N = ]P)(Ll = 0)
P(Zl = 7:0 - 1) = ]P)(xio—N = ... =Tjy—2 = 0 and Tig—1 = ].) = (]. - Oé)N_IOé = P(Ll = ].)
Therefore, for k € {1,..., N}
P(iy = i9 — k) = P(xsy—n, - - -, Tig—(k—1) Stay zero and x;, become one)
=(1—-a)V*a
=P(L, = k).

In a general way, for E';

P(lt - it—l - k’) - P(Lt - ]{?)
On the other side,
P(j; = ji—1) = P(z;, and z;, , stay the same) = P(x, stay 1) = 3,
and
P(jt = jtfl - 1) = P(wjt—lfl = 1and Ty = O) = (1 - 5)

So,
]P)(]t = jt—l) = P(Rt = 0) and P(]t = jt—l — 1) = ]P(Rt = —1)
Lets 7 € A, its respective —measure d, and W' = length(z) — 1. Let us see the evolution
of 6,Ex. The WlN indicates the length, minus one, of that island after E action. So, WtN
indicates the length, minus one, of that island after ¢ applications of E . If (J, E’}Ql)E N =0, Eﬁ\?l

then the respective island has length one. In this case, following the relation established between
W and E, we have W/ = 0.
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4.2 Another representation of F(p,q)

We can write the operator F, ;) in another way. In Figure (4| we have the action of operator
F(p,q) on the left side for given values of p and ¢. On the right- side, we have the action of the
function T, composed with F ,_,, which is given by

Y1 Yo Y1 Y2 ¥3 Y4 - e X xy o xp x, Xy X
\ \‘\ | AN

X—1 X0 X1 X2 ) X3 X4 e R o | X0 X1 X2 X3 X4
Fi1,3) Fo.2Ti

y-3 y-2 Yy-1 Yo Y1 y2

y-3 Y2 Y-1 Yo YI Y2 - e Xy Xy Xy xy X X
///// /// //// :
X3 X X1 Xp X X2 . e X3 X2 X1 X X X
Fio1,-3) Fo,-2T—1

y-3 Y2 Y-1 Yo N Y2

y-3 Y-2 Y-1 Yo Y1 Y2 .- Xy X, X oxy X X
X3 X2 X1 Xo XI X2 - e Xo3 X Xop Xo X1 X
Feoin Fo,2T-1

Figure 4: On the left side, we schematized the interaction of the operators F(1 3y, F(_1 _3), and
F(-11). The corresponding descriptions are placed on the right side through the composition
with a translation operator. The time is running from the south to the north.

Fiog) = Fog—nTr ®)
Lemma 8. Let x € A, foreacht € N
t t
02F () (1) = 0:F (9,4 (1)-

Proof. Through (8), we have
0aF (p.q) = 0o (F(qu—p)Tp) :
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Clearly T, keeps the density of ones. So,

6x(F(0,q—p)Tp)( >—5 FOq p( ) = 506F(p7q( )—5 FOq p( )
|

Lemma 9. Given x € A and §, its concentrated measure. If 5 < fy(«) and ¢ — p = N, then
E(7P9) is finite.

Proof. Using ()
6:F (p.g) = 02(F(0.9-p) Tp)-

So,

Oz F(p,q) (1) = 0 ( F(07qu)Tp> (1) .
From the lemmas [ and [7]

and using
TEN = inf{t > 0: §,E}, = 6, and length(y) = 1}
we get from (9)) that

E(r;Y) > E(r,*")) = E(rP9).

Initially, we shall prove that E(7EV) is finite. Now, we used the relationship between
Ex and W¥. As 8 < fy(a) we have W} equal to zero with probability one. Moreover,
E(tE~) = E(HW gina))- Which is finite.

As a result, the length of the island is currently equal to one, with probability one. Then,
using the relation between Fq y) acting on the island whose length is one with W*, we can
conclude: if 8 < fy(a) then E(7(®™) is finite.

Proof of item (B [4)) of Theorem E].
Lets N =q—p,y € {z',2% ...} and length(y) = max{length(z*);: = 1,2,...}. Using
@

7, = inf{t > 0: 0, F(pq()_axQqu)():...zo}
= inf{t > 0: 6,1 F{g ) (1) = 6,2F( (1) = ... = 0}
:Ty,

By the Lemma [9} E(7,) is finite. So, E(7,) is finite.
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5 Proof of Theorem

To prove Theorem [3] we shall use coupling[[13| 11, O] between the length o the island on
time ¢, 0,F, )¢ and the birth and death process X.

Letus take p < 0 < g and = € A with length(z) = 1. In this case, the quantity of ones
on the system is described by a birth-death process with the absorbing state, zero. Moreover,
the distance between two consecutive ones is always the same, more precisely itis N = ¢ — p.
Given a natural value ¢, if 9, an o) 7 0o, then we shall get random positions (it, ji), where with
probability one i; < j;, v, = O forall k < i, ork > j, and 2,41 = 2,1 = 1. If dEF’E 0o,
then there was moment ¢ for which j; 1 =4, 1 + 2 and j; < %;.

The random variables 7, and j; are related to the transition probabilities of the operator F, ;).
It is defined by:

p.a)

- . 0, it g <
P(iy =441 — ) = Jt—1+ =
(1 t-1— @ Jt = Ji-1+ D) {9(”01)9(0“0)7 other cases.
. . 0, it g <
IFD U = %1+ ) — Jt—1— -
(i t-1+ @, Jt = Ji-1— D) {0(O|01)0(1|10)7 other cases.
1t = 1%-1 — (g, = Jt—=1 7 =
t=Uh-1—G¢J)t=Jt-1—P 6(1/01)0(1[10), other cases.
07 if jt < Zt;

]:P) o B + , y, — '_ + =
(i = is-1 + ¢, Je = ji1 + ) {0(0|01)9(0|10), other cases.

where 6(.|.) is on . Figure [5|illustrates the possible transitions of the process J,F (1 1), where
the initial measure is concentrated in an island whose length is one. In this case, we get ig = —1
and jo = 1. On the right side is presented the following possible transitions, values of 71, j;:

* Become (a),i; = —2, j; = 0. It happens with probability 6(1]|01)6(0]10);
* Become (b) i; =0, j; = 2. It happens with probability #(0[01)6(1]10);
* Become (c) iy = —2, j; = 2. It happens with probability #(1|01)0(1]10);
* Become (d) i; =1, j; = —1. It happens with probability 6(0|01)6(0|10).
Lemma 10. Givenp <0< ¢q,0 < a < 1land f > 1/2a. If length(z) = 1, then
tllf?o 00y, q) # do-

Proof. We will prove the following equivalent proposition: Given 0 < av < 1 and 5 > 1/2a.
If length(z) = 1, then the probability of i, — —oo and j; — oo when ¢t — oo is positive.
We define a birth-death process with absorbing state zero, X = (X});~o, where for a > 0,

P(Xp =a+1/X,=a) = 6(101)0(1]10)
P(Xp =a—1|X,=a) = 6(0/01)0(0]10) + 6(1]01)6(0|10) + 6(001)8(1|10).

The process X decrease, i.e., P(X;,1 < X;) = 1 for the random positions (i;, j;): both drift to
the left or both drift to the right, or the 4, drifts to the right and j, drift to the left, i.e., the (a) or
(b) or (d) happens. And the process X increase, i.e., P(X;,1 > X;) = 1 when the 7, drift to the

13



Xi—1 Xi Xi+1 Xi+2 Xi43

(a)

Xi—1 X Xit1 Xi+2 Xi43

(b)

0O 0 1 0 O
Xi—1 Xj Xit1 Xi+2 Xi43
o 1 0 1 O

- o 6 6 0 0 -
Xi—1 X Xi+1 Xi42 Xi43

(©

/I

Xi—1 Xi Xit1 Xi+2 Xi43

(C)

Figure 5: Possible transitions of the 6,F(_1 1), whose length(z) = 1.

left and j; drift to the right, i.e., (c) happens. Since X is a birth and death process, sufficient
conditions to be absorbed with a probability of less than one are known[17]. Using the relation
between the process X and ¢, an o) Where length(z) is finite this sufficient condition happens if
only if

6(1]01)6(1]10) > #(0]01)0(0]10) + 6(1|01)8(0[10) + §(0|01)8(1]10).

Using (2) it means § > 1/2«. Therefore, the quantity of times that (c) happens is bigger than the
other ones with positive probability.

Proof of Theorem 3| Let us consider p and p a convex combination of d;,, d,,, ... and
0215 Oz, - - - TESPECtively. As we know, each d,, < ., where length(z;) = 1. By the Lemma

t t
Oz, I () ™ 0 (p.9)
and trough the Lemma

lim 8y, F, (1) > 0 = lim pFg, (1) > 0= lim pF, (1) > 0.

6 Numerical study

Some research areas have received more attention since building the first digital computer
programmable. It is due to the possibility of performing a numerical simulation of some processes,
previously developed by hand. A classic example of this is historic. Turing simulation(Turing
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1952) studied a reaction-diffusion morphogen system[/18]]. Nowadays, the use of computers in
the study of mathematical/physical models is widely used. Even to assist on the directions we
should take on the theoretical studies. In this spirit, numerical methods are used in PCA studies,
which are fruitful.

We will use mean-field approximation [4], MFA for simplicity. The MFA gives us a deter-
ministic representation of the evolution of densities of zeros and ones. Usually, writing and
analyzing the MFA is a first step in guessing the behavior of the system.

Let us take(Y;);cz and (Z;);cz two sequences of independent random variables. Moreover,
forv € Z

PY;=1)=aandP(V;=0)=1—-0a; P(Z;=1)=pandP(Z; =0)=1- 0.

Let 2! be the random variable that describes the state of the configuration x on the position i
at time ¢. So, using the probability transition of F, ;) (see ) and that (z¢)? = !,
v; = (i) (L= Yi = Zy) + @i Zi + 2, Y (10)

Let us assume the initial measure, £, uniform and define p! = E, (). Since x does not
depend on i, we assume p' = p!. Taking expectation of both sides of (10) and assuming x! and
xé independents each other. We obtain the following difference equation

P = pat B) + (1—a — B)(p) where (a. B) € (0.1)2 1)

When we take p'*! = p’ in (11), we have a second degree equation to p’. Moreover, their
roots are zero and one, which agree with the actual process.
It is easy to conclude for p° € (0, 1) the dichotomy to the sequence p°, p', p?, . . ..

e 't > ptifand only if 8 > fi(a),
o ptt < ptifand onlyif 3 < fi(«).

In both cases, p°, p!, p?, ... is a monotone sequence. Moreover, on the increasing case one
is its upper limit. So, p' goes to 1 when ¢ tends to infinity. By similar argumentation, on the
decreasing case p' goes to 0 when ¢ tends to infinity.

1

)
\\ ‘ I
\ Ny
A n
08 F \ |- —
\ > o
o - Mean of 1, infinite
2 06 \ N 4
5 N\ I
© A ~
Q N ,
o 0.4 \ \\
Q ‘ .
02l \ I - i
Mean of T, finite .
Q N
0 ! :
0 0.2 0.4 0.6 0.8 1
probability B

Figure 6: Here, we illustrate the items (Al4) and (B4) from TheoremH| We take N = 2. We
do not have any information for the gray region. The upper curve, fi(a), is the transition line
obtained by the Mean-field approximation.
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Qualitatively, the approximation reflects the existence of two behaviors when p° € (0,1). On
the first one, p’ tends to 1 when ¢ tends to infinity. On the second one, p’ tends to 0 when ¢ tends
to infinity. However, from the MFA if o > 1 — 3 then p' — 1 when t — oo for p° € (0,1);
which do not agree with Theorem[I} Figure [f]illustrates the transition line, obtained by the MFA.

It is assumed that mean field models are essentially trivial. However, even the mean field
models can exhibit surprising behavior[19]. As we are dealing with the influence of the neigh-
borhood at PCA, maybe a mean field interaction[20] could be more appropriate to apply to our
study.

Here, we will need to define a finite space with periodic boundary conditions, Z,, the set of
remainders modulo n, where 7 is an arbitrary natural number. Let us consider the set of states
2, ={0,1}". We call elements of 2, periodic configurations. The periodic configurations are
finite sequences of zeros and ones, now we imagine these sequences to have a periodic form. For
each C' € Q,, de define |C| = n.

We are interested in the case when p < 0 < q. Thus, we performed the simulation of the
process with F(_ 1), where the system has |C'| = 200, and the component of position 100 starts
on state 1 and the others on state zero. On Figure we illustrate the action of F(_; ;) when («, 3)
belongs to the set {(1,1);(0.8,0.8);(1,0.3); (0.3,1)}. The case a« = 3 = 1 is the deterministic
evolution of the PCA.

The computer simulations suggest that when p < 0 < ¢ and for « and ( sufficiently close to
one, the process converges to an invariant measure which is not a convex combination of the
measures concentrated on the configuration, with all the components are at the same state. Still
in this direction, what is the speed at which the process will converge to this measure? Another
question is: will the ones always “spread out” throughout the system?

7 Open problems

We conclude with several open problems.

At this work, we have explored the effect of the neighbor’s position on the dynamics of a
class of one-dimensional PCA. The main results confirm that its relevance. According we know,
this is one of the first formal results in this direction. It brings a set of questions, we quote some
of them.

Problem 1. 7o the class of PCA that we have studied, what happens if we take a uniform initial
distribution?

Theorem 4 establishes two possible regimes(described by (A.4) and (B.4)). So, we get a
region for which we do not have any knowledge for a given NV value.

Problem 2. Is there another intermediate regime instead of that present by (A.4) and (B.4) ?

Theorem 2 and item (B.4) consider 8 < fy(«). Clearly, for a fixed N this region is non
empty. Moreover, fixed o and given N < M we get fy(a) > fur(«). So, the region 8 < fn(«)
decreases when [V increases.

Problem 3. Is it possible to obtain qualitative compatible versions of Theorem 2 and item (B.4)
not dependent on N ?

The impact of neighbors at PCA on dimensions bigger than one needs attention.
Problem 4. Is it possible to built a PCA with dimensions greater than one in which dynamics

are driven by the location of the neighbor?
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1 J,
Circular, [C|=200 Circular, |C|=200

a=18=1 a=080=08

.
Circular, [CI=200 Circular, [C[=200

a=1,5=03 a=03,5=1
Figure 7: Four space-time diagrams for F(_; ;). In each Figure, we took |C| = 200 and
t=0,...,50.
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